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Abstract
In loop quantum gravity smoothly embeded loops are not enough to provide
a quantum representation of the loop algebra. Since the space of smooth
loops must be ‘enlarged’ to include loops with intersections, the quantum
symmetry group has to be ‘enlarged’ accordingly. After considering the com-
plete quantum symmetry group, the space of ‘dieomorphism’ invariant states
is reconstructed simplifying two troublesome issues of previous formulations.
First, the needed background structure is much weaker and one can show
that dierent choices of background yield equivalent quantum theories. Sec-
ond, the space of ‘dieomorphism’ invariant states is separable (the s-knot
basis is countable) in contrast with the previous constructions.




After ten years of ‘new variables’ [1] and loop representation [2{4], the theory has matured
signicantly. The approach has gained clarity, borrowed and developed powerful tools and
sharpened its picture of physical space. Specically, after solving the spin (Mandelstam)
identities by the use of spin networks [5] the formulation of the theory has become clear and it
allows deeper understanding. After this clarication was made, explicit geometric operators
[6], that encode loop quantum gravity’s picture of space, were written. These geometric
operators predict a geometry that is polymer-like [7], non-commutative [8] and quantized
(the operators have discrete spectrum) [6]. Also lattice versions of the framework [9,10]
(ready for explicit computation), and several proposals for the Hamiltonian constraint of
the theory [11,12] have been developed. Now the early results (on the classical/macroscopic
limit [13] and incorporating other elds and matter [14]) have to be ‘upgraded,’ and using the
new tools and sharper notions other problems (like the computation of transition amplitudes
[15] or the statistical mechanics of black holes [16]) seem to be within reach.
In this letter, I present another notion that is intrinsic to loop quantum gravity’s picture
of physical space. I will show that even after constructing the theory from a family of graphs
(loops) living on a smooth manifold , loop quantum gravity extracts from the space mani-
fold its combinatorial structure and discards the rest; every topological notion persists, but
the dierential structure is lost and should be recovered only as a semi-classical/macroscopic
notion. In order to represent the loop algebra (or the algebra of cylindrical functions, in
other terminology) one needs to include loops with intersections; as will be shown below,
this forces one to adapt the symmetry group. Since this ‘adapted symmetry group’ is larger
than the dieomorphism group, the dierential structure is lost in loop quantum gravity. In
contrast with previous treatments, the Hilbert space of ‘dieomorphism’ invariant states is
separable, and dierent choices of background structure yield unitarily equivalent quantum
theories.
Recall that the classical theory is Hamiltonian gravity expressed in Ashtekar variables
[1]. That is, the conguration variable is a connection Aia taking values in the Lie algebra
of SU(2) and the canonically conjugated momentum is a triad ~Eai of densitized vector
elds. In these variables the contravariant spatial metric is determined by qab det q = ~Eai ~E
bi,
which makes contact with the usual geometrodynamic treatment of general relativity. In
this formulation Einstein’s equations are equivalent to a series of constraints. Also recall
that a key step in the quantization process is to choose as conguration observables the









the SU(2) generators [4]. The quantization based on these choices is referred to as loop
quantum gravity and its Hilbert space Hkin is spanned by spin network states jSi. A spin
network S is labeled by a colored graph ~γ and represents the function of the holonomies








where the colors on the edges j(e) are irreducible representations of SU(2) and the vertices
are labeled by contractors c(v) that match all the indices (in the formula denoted by ‘’)
of the holonomies of the edges. An inner product in Hkin is given, alternatively, by the
Ashtekar-Lewandowski measure [20,17] or by recoupling theory [4,21]. According to this
inner product two spin network states are orthogonal if their labeling graphs or edge’s colors
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are dierent. Using a convenient set of contractors one can form an orthonormal basis with
spin network states [21]
hSjS 0i = SS0 : (0.2)
This simple result hides a subtle aspect of the construction. The graphs that label the
spin networks were chosen to have piecewise analytic edges. Because of the restriction on
the edges, the space manifold was required to have a xed analytic structure, apart from
its topological specications, as part of the required background structure [17]. From the
mathematical physics point of view, this rigid structure on the physical space is not desired;
this motivated the development of an alternative framework based on a smooth background
structure [18]. In the rest of the letter I will not specify whether I am working in the analytic
or in the smooth framework, but everything should be understood as referring to one of them;
for example ‘graph’ means piecewise analytic (smooth) graph, and ‘dieomorphism’ means
analytic (smooth) dieomorphism.
After Hkin has been constructed the constraints of the theory (quantum Einstein equa-
tions) must be solved. Among the constraints, the dieomorphism constraints form a closed
algebra and therefore can be solved independently from the rest. Quantum mechanically,
the dieomorphism constraint is enforced by restricting to states that are left invariant by
quantum dieomorphisms.
A quantum dieomorphism acts by shifting the labels of the spin networks by a dieo-
morphism
UjS~γ;j(e0);c(v0)i := jS ~(γ);j(e0);c(v0)i : (0.3)
It is easy to see that the operator U induced by a dieomorphism  2 Di() is unitary.
A rather surprising fact is that the group constituted by all the maps  :  !  that
make U unitary is bigger than the dieomorphism group
1. One nds that if U is unitary
 :  !  must be a continuous map since it has to send any piecewise analytic (smooth)
graph to another. But U unitary does not mean that  has to be an analytic (smooth)
dieomorphism, it only means that it should be piecewise analytic (smooth)  2 Pdi()2.
In this letter the aim is to communicate one central message: The group of all the maps
 :  !  that make U unitary should be the one used to construct the solutions to the
‘dieomorphism’ constraint.
Let me start with an example that shows the link between the symmetry group and
the choice of conguration space. The standard analysis of asymptotically flat space-times
1Variations of this observation have appeared in the literature several times [2,19] playing a variety
of roles.
2This can be taken as the denition of piecewise analytic dieomrphisms; however, it is helpful to
know that piecewise analytic structures are dened just by analogy with piecewise linear structures
(a Regge lattice is an example of a piecewise linear structure), and that the role of piecewise linear
homeomorphisms (changes in the lengths of the links of the Regge lattice) is played by the elements
of Pdi().
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requires that the changes of coordinates leave the asymptotic metric (Minkowski metric)
invariant. There is nothing wrong with other dieomorphisms, but the theory is more
manageable if one restricts the allowed metric elds to approximate asymptotically to the
standard Minkowski metric. Then one asks for the group of maps  such that ‘U’ sends the
space of allowed metrics to itself, and make this group the symmetry group of the theory.
Now let me review the general case. Every version of the action for general relativity
is invariant under space-time dieomorphisms, but is it invariant under transformations
that are not dieomorphisms? The answer is not very profound, one can even nd it in a








+ : : : where M is the
union of measurable regions M1;M2; : : : (whose overlaps M1 \M2; : : : have measure zero).
Second there is the change of variables theorem that requires the change of variables map
 : Mi ! Mi to be C1 (continuous and with continuous rst derivative). Thus the action
for general relativity is invariant under transformations  that are C1 by pieces too. The
only requirement is that at the boundaries that divide the pieces, say M1\M2,  must have
a bounded M1-derivative (a linear map rM1a (p) that approximates  at p 2 M1 \M2 for
tangent vectors of curves c M1) and bounded M2-derivative (where rM1a (p) andr
M2
a (p)
may not agree). Nothing relevant is learned by using sick coordinate systems, and the
variational analysis is greatly simplied by restricting to smooth elds; then, it is standard to
restrict the classical theory to consider only smooth elds and have smooth dieomorphisms
as only symmetries. Nothing is wrong with piecewise smooth dieomorphisms, but one rules
them out in favor of a manageable theory.
In the quantum theory the symmetry group should also be selected after the allowed
quantum elds are specied. A rst choice for the conguration observables of loop quantum
gravity would be functions of holonomies of smoothly embeded loops. In this case the
relevant symmetry group would be smooth dieomorphisms, but this is not the basis of loop
quantum gravity. The product of two functions labeled by smooth loops that intersect is a
function labeled by a loop that is only piecewise smooth; therefore, to have a closed algebra
one has to ‘enlarge’ the space of conguration observables to functions labeled by piecewise
smooth (analytic) loops. Accordingly the symmetry group must be enlarged to consist of all
the maps  that make U unitary (see equation (0.4); since this symmetry group is imposed
by the quantization procedure, I call it the quantum symmetry group.
Now the ‘dieomorphism’ constraint is solved by constructing the space of ‘dieomor-
phism’ invariant states Hdi . It is spanned by s-knot states hsj, labeled by knot-classes of









here a([γ]) is an undetermined normalization parameter, [γ][] is non vanishing only if there
is a piecewise analytic (smooth) dieomorphism 0 2 Pdi() that maps  to a graph γ
that denes the knot-class [γ], and  2 Pdi() is any element in the class of [] 2 GS(γ).
The nite group GS(γ) is the group of symmetries of γ; i.e. the elements of GS(γ) are maps
between the edges of γ (for a detailed explanation see [17,10]).
The s-knot states are solutions of the ‘dieomorphism’ constraint because its action is
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At this point loop quantum gravity has succeeded to get a Hilbert space (whose inner
product is not completely determined) to represent ‘dieomorphism’ invariant observables.
In particular, a quantization of the Husain-Kuchar model [22], that has local degrees of
freedom, has been achieved [17].
The only dierence between the s-knot states hsj dened by (0.4) and the states con-
structed in [17,4] is that Pdi() takes the place of the dieomorphism group. Because of
this dierence, the s-knot states are labeled by knot-classes of graphs [γ] with respect to
Pdi(). These knot-classes are much bigger than the ones dened by the dieomorphism
group and therefore there are very few of them; these points and their consequences are
explained in the next few paragraphs.
Consider a three dimensional triangulated manifold jKj (can be thought of as a three
dimensional Regge lattice). Since the interior of the tetrahedrons of the lattice are flat one
can dene the baricenter of the tetrahedrons, the baricenter of the triangles (faces) and the
baricenter of the links; by adding this points to the original lattice, and also adding new
links and faces (see g. 1), one constructs the ner lattice jSd(K)j called the baricentric
subdivision of the original lattice jKj. One can do this subdivision again and again to get a
sequence of lattices fjKj; jSd(K)j; : : : ; jSdn(K)j; : : :g. All these lattices are not disconnected,
they are all subdivisions of jKj; in this way we dene a combinatorial graph γc to be a graph
in jKj all whose edges are links of some of the rened lattices jSdn(K)j. Also consider a xed
map h : jKj !  that maps every combinatorial graph γc to a (piecewise smooth/piecewise
analytic) graph h(γc) on .
Sd
Fig. 1 A triangular face and its baricentric subdivision. Every link of jKj is divided into two links
of jSd(K)j, every face into six faces and every cell into twenty four cells of jSd(K)j.
The sense in which the knot-classes of graphs [γ] are big is that every class contains a
combinatorial graph; h(γc) 2 [γ]. This can be proven by explicit construction [10]; because
of this property it turns out that all the information contained in loop quantum gravity is
3Note that this inner product is determined only up to the unknown parameters a([γ]).
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of combinatorial character. Since there are operators in the symmetry group that do not
come from dieomorphisms, the dierential structure is lost at the quantum level and will be
recovered only as a classical/macroscopic eect. Some versions of the geometric operators
(measuring area and volume [6]) are covariant with quantum ‘dieomorphisms’, however
there is a version of the volume operator that is not [17,23] and this version enters in the
denition of the lenght operator [24] and a version of the Hamiltonian constraint [12]. One
can make this operators covariant simply by using a covariant volume operator, but some
of the properties of this adapted operators will be dierent.
Another view of the combinatorial nature of loop quantum gravity comes from the mani-
festly combinatorial quantum models that are equivalent to it [10]. One of this combinatroric
models uses a piecewise linear background structure (triangulated manifold); since it has
been proven that all the PL structures are equivalent [25] and the PL framework is equivalent
to loop quantum gravity, all the choices of background structure yield unitarily equivalent
representations of the loop algebra.
The sense in which there are very few knot-classes of graphs is that the set of combinato-
rial graphs fγcg is countable. One can easily convince one self that this is the case because
every γc belongs to jSdn(K)j (for some n) and there are countably many of this subdivisions,
each of which has nitely many links [10]. This property implies that the set of labels of the
s-knot states is countable, i.e. that the Hilbert space of ‘dieomorphism’ invariant states
Hdi is separable.
In this letter the space of ‘dieomorphism’ invariant states was constructed; a key ingre-
dient in its construction was to use the quantum symmetry group that corresponded to the
space of conguration observables. This new ingredient simplies a series of troublesome
issues in previous constructions.
 The background structure needed to dene the theory is much weaker (e.g. piecewise
analytic v.s. analytic), and its role is signicantly less important. In particular, one
can prove that dierent choices of background structures yield unitarily equivalent
quantum theories.
 Every operator in the quantum symmetry group comes from a continuous map of
space that may not be a dieomorphism. In this sense, loop quantum gravity’s notion
of space lters out the dierential structure from the space where the loops lie; only
the topological information persists at the quantum/microscopic level. This explains
why one can construct unitarily equivalent quantum models (to the theory dened by
Hdi in the piecewise analytic formulation) which are manifestly combinatorial [10]. In
this sense loop quantum gravity predicts a polymer-like (one-dimensional excitations)
combinatorial space at the microscopic level and considers the smoothness of classical
space a macroscopic eect.
 The Hilbert space of ‘dieomorphism’ invariant states Hdi is separable (the s-knot
basis is countable), while in previous constructions the presence of non-countably many
knot-classes of graphs made it not separable [26].
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